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Abstract 
The computational technique of the full ranges of the second-order inelastic behaviour 
evaluation of steel-concrete composite structure is not always sought forgivingly, and 
therefore it hinders the development and application of the performance-based design 
approach for the composite structure. To this end, this paper addresses of the advanced 
computational technique of the higher-order element with the refined plastic hinges to 
capture the all-ranges behaviour of an entire steel-concrete composite structure. Moreover, 
this paper presents the efficient and economical cross-section analysis to evaluate the 
element section capacity of the non-uniform and arbitrary composite section subjected to 
the axial and bending interaction. Based on the same single algorithm, it can accurately and 
effectively evaluate nearly continuous interaction capacity curve from decompression to 
pure bending technically, which is the important capacity range but highly nonlinear. 
Hence, this cross-section analysis provides the simple but unique algorithm for the design 
approach. In summary, the present nonlinear computational technique can simulate both 
material and geometric nonlinearities of the composite structure in the accurate, efficient 
and reliable fashion, including partial shear connection and gradual yielding at pre-yield 
stage, plasticity and strain-hardening effect due to axial and bending interaction at post-
yield stage, loading redistribution, second-order P- and P- effect, and also the stiffness 
and strength deterioration. And because of its reliable and accurate behavioural evaluation, 
the present technique can be extended for the design of the high-strength composite 
structure and potentially for the fibre-reinforced concrete structure. 
Key Words: Refined plastic hinge method; second-order inelastic analysis; one element per 
member; higher-order element formulation; composite structures; high-strength material. 
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NOMENCLATURE 
fy, fry   Yield stress of the steel section and reinforcement bar, respectively 
fc   Ideal compressive yield stress of concrete 
Ig  Gross second moment of area (uncracked) for those of composite If with full 
shear connection and steel Is section 
M0, S0  Bending moment and shear force at mid-span, respectively 
0M , 0S   Equivalent bending moment and shear force at mid-span, respectively 
Nf/Cf Degree of partial shear connection 
Pc, Mc Axial force capacity and bending moment capacity, respectively 
S Plastic section modulus (cracked) for those of composite Sf with full shear 
connection and steel Ss section 
yc, yp  Centroid (plastic centroid) and plastic neutral axis, respectively 
x   Effective depth of the ideal concrete compressive yield stress block  
n   Parameter for the biaxial bending interaction capacity domain 
A   Cross section area of a strip of layer 
s, c  Yield strain of steel material and concrete material, respectively 
su, cu  Ultimate strain for ductility of steel and concrete material, respectively 
, ,   Normal stress, normal strain and curvature of the fibre, respectively 
i, f,  Initial and full yield function, and hardening parameter, respectively  
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1. Introduction 
Steel-concrete composite structure can exploit the higher strength and stiffness from both 
materials. Therefore, the composite construction are widespread worldwide, in particular 
the high-rise buildings and long-span structures. Unfortunately, the composite structure is 
also critical to the intricate behaviour from both materials; specifically the behaviour of the 
composite member is not simply equal to the summation of both individual steel and 
concrete section. In fact, the composite structure can behave more likely as the steel or 
concrete structure, which depends on the material proportion between steel and concrete in 
the composite section. For example, if the proportion of steel in the composite section is 
over the rough threshold percentage 0.04%, the member can be regarded as the composite 
structure. If not, it is regarded as a reinforced concrete structure. More precisely, the 
cracking behaviour at pre-yield stage which is dependent of the steel proportion of the 
section should govern the classification between concrete and composite structure. For the 
sake of investigating the intricate behaviour of a composite structure, a great number of 
researchers conducted the comprehensive experiments of the composite members, which 
are divided into two main groups, such as the composite beam and beam-column member. 
In regard to the composite beam, a large volume of experimental research [1][2][3] was 
carried out for more than a few decades, of which the partial shear connection is of much 
interest. In regard to the composite beam-column experimental research, the nonlinear 
composite behaviour mainly consists of the buckling of composite column [4][5], 
confinement effect [6], the local plate buckling of composite column [7], etc. 
On the one hand, other scholars studied the composite behaviour by using the numerical 
approach. For example, there are great amount of numerical approach [8][9][10], which 
specifically focus on the partial shear connection of the composite beam at pre-yield stage. 
They studied this nonlinear behaviour of partially shear-connected slip at the interface 
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comprehensively. However, this slip is not sensitive to the global behaviour of a whole 
composite structure. From the practical viewpoint, the partially shear-connected interface 
of a composite beam can be modelled by the effective flexural stiffness approach [11], 
which can adequately capture the deteriorated flexural stiffness due to the slip at interface 
at pre-yield range. This approach attracts a number of researchers [12][13], who presented 
the nonlinear analysis of a composite beam.  
The partial shear interaction is less severe and not critical to the composite beam-column 
member that can be normally ignored. However, the composite beam-column member is 
vulnerable to the material yielding due to interaction between axial and bending actions. 
Therefore, many researchers, such as [14], developed the cross-section analysis to 
determine the ultimate capacity of the concrete section or steel-concrete composite section 
in the context of the plastic zone method [15][16][17][18]. Unfortunately, the well-known 
setback of the plastic zone method is inefficient convergence and time-demanding stress 
numerical integration process. 
The counterpart of the plastic zone method is the plastic hinge approach, which simulates 
the overall material behaviour of the element section at the hinge (i.e. at element node), 
and further the lump-sum spring stiffness in terms of the load-deformation relationship 
characterises the material condition of the element section. The plastic hinge approach 
always ensures the reliable numerical convergence thanks to the load-deformation 
relationship being consistent and compatible with the conventional finite element method 
(i.e. stiffness method) as well as eliminating the time-demanding numerical integration 
process that is used in the plastic zone method. In order to characterise the material 
condition in alignment with the plastic hinge approach, the cross-section analysis [13][19] 
is therefore indispensable to evaluate the lump-sum material condition of the non-uniform 
and arbitrary element section. And, on the basis of this, a few scholars [20][21][22] 
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presented the numerical nonlinear analysis of a whole composite structure. 
In order to strengthen the modelling capacity, promise the efficient solution as well as 
facilitate the effectiveness in computer modelling, this study presents a second-order 
inelastic numerical analysis of an entire composite structure in context of the higher-order 
element with the refined plastic hinge. In regard to the material nonlinearities, the inelastic 
analysis comprises the cross-section analysis (for the non-uniform and arbitrary composite 
section under the interaction between axial load and bending), which is extended from the 
previous work [13], but well align with the refined plastic hinge approach [20] (for gradual 
yielding, full plasticity and strain-hardening effect due to interaction). In regard to the 
geometric nonlinearities, the second-order analysis is based on the higher-order element 
formulation with element load effects (for the P- and P- effect, large deformation 
behaviour, snap-through buckling, pre- and post-buckling), which can provide the accurate 
first- and second-order element load solutions [23][24]. 
2. Higher-order displacement-based element with element load effect 
The higher-order transverse displacement interpolation function of an element not only 
fulfils the compatibility condition in Eqs. (2) & (3), but also the force equilibrium equation 
in Eqs. (7) & (8) in order to derive a higher-order element, as originally proposed by Chan 
and Zhou [25]. The mid-span moment M0 and shear force S0 are respectively introduced 
into Eqs. (4) & (5) as shown in Fig. 1, which enable to measure additional deflection due to 
element load effect and the second-order coupling effects [23][24]. Further, the elastic 
material law follows in the higher-order element function. 
   p
i
i
i xcxv               (1) 
in which ic  is unknown coefficient solved from boundary conditions given from Eqs. (2) 
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to (8); p is polynomial of order up to 5 in this sense. In the transverse deflection v in the y 
direction, 
0v    and   1zx
v 
    at  = 0          (2) 
0v    and   2zx
v 
    at  = 1,          (3) 
while the equilibrium equation of bending and shear force given by 
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Fig. 1: Equilibrium equation of the higher-order element with element load effect 
The transverse deflection w in the z direction is derived in a similar fashion. N1, N2, Nm and 
Ns are displacement functions with respect to rotations at first and second node, and 
element load contributed from moment and shear force components, respectively; the 
equivalent mid-span moment 0M  and shear force 0S  under the different sorts of element 
load are given in [23][24]; q is axial load parameter, in which positive sign means in 
tension, and vice versa. The comprehensive illustration of the higher-order elastic element 
stiffness formulation is presented in [26], and the profound implication of the element load 
effects is the accurate second-order elastic element solutions as discussed in [24] in details. 
3. Cross-section analysis for non-uniform and arbitrary composite section 
For the sake of formulating the spring stiffness in context of the refined plastic hinge 
approach, the yield function of the element section is required to measure its material 
condition. Unfortunately, while the non-uniform and arbitrary steel-concrete composite 
section is commonly subjected to the interaction between the axial load and bending 
actions, the material effect of the element section is complicated in the myriad forms that 
cannot easily described by a single set of the yield function. Therefore, the present cross-
section analysis is proposed to regulate the cross-section material condition of the 
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composite element under interaction effect with resource to a unique set of the yield profile 
functions. 
The present cross-section analysis (i.e. section capacity evaluation) in this paper is 
extended from the previous cross-section analysis [13], which can only compute the 
element cross-section capacity of the non-uniform and arbitrary composite sections at the 
extreme conditions, such as pure compression and bending, and the interaction effect is 
reliant on the interaction yield function. The principle of the approach [13] is summarised 
as follows: 
(i) An element section can be divided into up to 5 segments (increased if needed) with 
a constant height. It means each segment is defined by the straight top and bottom 
lines parallel to a corresponding bending axis; 
(ii) The width of the segment can be constant or the straight lines that can be defined by 
a linear equation (i.e. trapezoidal shape is allowed); 
(iii) Each segment contains up to 3 different materials (increased if needed), including 
steel, concrete and confinement concrete; 
(iv) Reinforcement steel is derived discretely in the cross-section properties of an 
element; 
(v) Each segment is divided into the number of layers A which depends on the level of 
accuracy. The strip of layer A is parallel to the corresponding axis, which can 
represent the depth of neutral axis of the section; 
(vi) For the particular section, such as circular, the whole is divided into the fine layers. 
(vii) Searching a layer across the section, at which satisfies 0 dAEy  and 0 dA , 
whose depth stands for the elastic neutral axis yc for moment inertia I and plastic 
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neutral axis yp for plastic section modulus S, respectively, in which the tension zone 
in the section is neglected. 
Instead of satisfying the   0dA alone in [13], the algorithm of the proposed cross-section 
analysis is to scrutinise every layer A at which the condition of   cPdA at the specific 
axial load level Pc is enforced. At a particular axial load level Pc, the depth of neutral axis 
yp is assumed at each layer A, and each failure surface is then examined (i.e. ultimate 
concrete compressive strain cu at the outermost compressive fibre (i.e. cu/x) or ultimate 
steel tensile strain su (i.e. su/yp)) as graphically show in Fig. 2. Eventually, the failure 
strain distribution profile is written as Eq. (12), 
 cyy   ,               (12) 
 
 
 
 
 
 
 
Fig. 2: Material laws and stress-strain distribution of steel-concrete composite section 
which is also known as the failure compatibility condition, in which the curvature  is 
obtained from either cu/x (compressive concrete failure) or su/yp (tensile steel failure) and 
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the depth of neutral axis yp. It is interesting to note that although the ductility of concrete 
far less compared to those of the steel material (i.e. cu (0.003) << su (0.02)), the failure 
surface of composite section is most likely governed by the compression in concrete, 
except for some extreme cases (i.e. high strength steel). Finally, the control failure surface 
can be determined by whichever is lesser (i.e. min(cu/x, su/yp)). 
The material law of concrete, steel section and reinforcement steel are simplified as the bi-
linear relation as also shown in Fig. 2. Hence, when the strain of the steel section at layer 
(fibre) exceeds yield strain s according to Eq. (12), the yield stress fy is attained at that 
layer (fibre). Otherwise, the elastic steel fibre complies with the elasticity Hooke law, such 
as fs=Es. However, the concrete fibre does not follow the compatibility condition, whose 
capacity is derived as the ideal compressive yield stress of concrete fc times a portion  of 
the depth of plastic neutral axis yp for simplicity as illustrated in Fig. 2. It is because the 
compressive strength in concrete over a certain portion cannot fully develop to attain the 
full ideal compressive stress fc as shown in Fig. 2. The factor of  is normally taken as 
about 0.8 in this study, and the ideal compressive stress fc is only used in this cross-section 
analysis, because it is independent of whether the compressive cube or cylinder stress, and 
therefore eliminates the unnecessary material factors for the advanced system design 
approach. 
Once the failure compatibility condition of Eq. (12) according to a particular yp is 
computed, at which the axial force equilibrium, 
dAPc   ,               (13) 
is sought at specific axial load level Pc as long as its difference is less than the axial load of 
a strip of layer (i.e. Pc≤A). In the meantime, the overall moment capacity Mc of the 
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section can be given by, 
 dAyyM cc    .             (14) 
 
 
 
 
 
 
 
Fig. 3: Interaction capacity profile of the steel-concrete composite section with special 
loading states 
This procedure is further repeated for other axial load level Pc until the whole interaction 
capacity profile of the element section completes. However, this procedure is only valid 
when the neutral axis lies within the element section. It heralds that the above procedure is 
only applicable between the decompression point and pure bending as illustrated in Fig. 3. 
Because of this, the interaction capacity profile between decompression and pure axial 
compression as well as between pure bending and axial tension is assumed linear without 
loss of accuracy. In this proposed cross-section analysis, 3 specific axial load levels are 
required to construct the reasonably adequate interaction capacity profile between 
decompression and pure bending piecewise, which is derived by a fraction (i.e. ¼; ½; ¾) of 
the axial capacity at decompression Pc. Hence, there are total 7 ordinates (i.e. Mc & Pc) to 
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construct the interaction capacity profile as symbolically shown in Fig. 3, for the domain 
between axial and bending effect. In summary, the principle of this cross-section analysis 
is summarised as below; 
(i) Strain distribution across the element section is linear defined by the failure surface 
and the trial neutral axis at each iteration. It means plane remains plane after 
deformation; 
(ii) And because of this, this cross-section approach is only valid when the neutral axis 
lies within the section, which further restricts the interaction effect to the 
decompression state only; 
(iii) The bi-linear material constitutive laws of concrete, steel section and reinforced 
steel are based on, of which the strain distribution of fibre of each component 
determines its material condition as illustrated in Fig. 2; 
(iv) The tensile strength of concrete is negligible in the evaluation of section capacity; 
(v) Compressive stress of the concrete is equal to the normal stress  due to flexure; 
(vi) The capacities of the steel section and reinforced steel bars follow strain 
distribution s, whose capacity is either elastic, such as Ess or fully yielded fs / fry; 
(vii) The compressive capacity of the concrete is defined the portion above neutral axis 
such as x as indicated in Fig. 2, in which  is the ratio of depth of the neutral axis; 
(viii) Searching a layer across the section, at which satisfies 0 dAEy  (for gross 
section - Ig) and 0 dA  (for ignoring tension zone - Sz or Sy). And further 
moment capacity is derived by dAyM c    at the specific axial load level when 
dAPc    satisfies; 
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(ix) Shear and torsional interaction and time-dependent effects, such as shrinkage and 
creep, are not accounted for in the concrete constitutive model. 
For the domain of the biaxial bending, this cross-section analysis relies on the well-
developed interaction curve from design codes [28][29] as written in Eq. (15), 
1





 nn
cy
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z
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M
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
,            (15) 
 
 
 
 
 
 
 
a) Composite section with high steel ratio (i.e. C16-2) 
 
 
 
 
 
 
 
 
b) Composite section with low steel ratio (i.e. C4-2) 
Fig. 4: Three-Dimensional interaction profile of composite section 
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in which Mcz and Mcy are moment capacity at the particular axial load level Pc, which can 
be derived from Eq. (14) for the respective axis; n is the parameter to control the shape of 
biaxial interaction profile, whose value is 1 ≤ n ≤ 2. When n is equal to 1, it means linear 
biaxial bending relation, which is very conservative, whereas n is 2 for circular biaxial 
bending relation, which is very economical but sometimes unsafe. Therefore, the three-
dimensional interaction capacity profile (i.e. Pc, Mcy & Mcz) is constructed as illustrated in 
Fig. 4.  
Unlike the others [14][19], they can generate the comprehensive interaction capacity 
profile but computational demanding. On the other hand, the benign feature of the 
proposed cross-section analysis is to generate a continuous interaction capacity profile of a 
non-uniform and arbitrary composite section by a unique set of linear equations at the 
discrete critical loading states (i.e. Mc & Pc) in advent of the numerical procedures. This 
feature can therefore allow a few of discrete points for simulating the whole interaction 
capacity profile of the composite section without demanding computational storage, and 
this cross-section analysis is no longer implemented in the course of the nonlinear solution 
procedures and thereby without demanding computational operation unlike the plastic zone 
method. 
It is interesting to note that even if the fibre is still within elastic range, according to 
Eurocode 4 [27], the fibre of the steel section and reinforcement steel do not comply with 
the linear compatibility condition of the elasticity law. Instead they are assumed fully 
yielded in either tension or compression depending on the location of neutral axis. 
Unfortunately, despite the simplicity in the design calculation, it results in the over-
estimate in the section capacity. For example, the load at the decompression point is as 
same as the axial load level at pure compression; especially the steel materials are at high 
proportion in the composite section. 
16 
 
4. Effective flexural stiffness of a partially shear-connected composite 
beam 
The partial shear connection is very popular in the composite construction because of the 
economical composite beam design and other practical reasons. However, it causes the 
nonlinear behaviour of the composite beam at pre-yield stage; but not for axially 
dominated composite beam-column member. Fortunately, this effect is insignificant to the 
global structural system, and thereby the linear partial shear connection effect is adequate 
for the global system numerical approach. The effective second moment of inertia Ieff of the 
composite beam is adopted as Eq. (16) according to AISC [11], 
  sf
f
f
seff IIC
N
II              (16) 
in which Nf and Cf are respectively the total shear capacity contributed from shear studs 
and total shear capacity in the longitudinal direction from steel beam or concrete slab, 
whichever is less, so the ratio of Nf/Cf can be defined as the degree of shear connection; Is 
and If are the second moment of inertia of steel and composite section with full interaction, 
respectively. Similarly, the effective plastic section modulus Seff is expressed as Eq. (17), 
  sf
f
f
seff SSC
N
SS              (17) 
in which Ss and Sf are the plastic section modulus of steel and composite section with full 
composite action, respectively. The elastic section modulus of composite section can be 
written as Eq. (18),  
c
eff
eff y
I
Z   or 
x
I
Z effeff  ,            (18) 
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whichever is smaller, of which the elastic stress distribution across the composite section is 
therefore ensured. When a composite beam is subjected to both sagging and hogging 
moment, the flexural behaviour of composite beam is obviously various that cannot be 
represented by the same Euler-Bernoulli beam hypothesis; particular true for the material 
behaviour of concrete is extremely different in tension and compression. Thus, the Eqs. 
(16)-(18) should be only applied for the composite beam under either sagging or hogging 
moment region. It is implied that the element discretisation for the composite beam is 
required according to the moment distribution itself as reported in [13]. 
On contrary, when the composite section with reinforcement arrangement is symmetric, for 
instance the common composite beam-column member, the flexural behaviour under 
different moment regions is quite similar. Therefore, no element discretisation is necessary 
for those composite sections. In summary, the computer modelling of a composite structure 
is a prior assumed in line with its expected behavioural pattern. 
5. Refined plastic hinge method with hardening effect at post-yield stage 
Iu and Chan [30] developed the performance-based nonlinear fire analysis of the steel 
frame, in which the plastic hinge approach with the strain-hardening effect in terms of 
engineering plasticity was first introduced. Further, Iu et al, [20] presented the refined 
plastic hinge approach, which includes the plasticity effects under the interaction between 
axial and bending actions simultaneously. This modelling capacity is very beneficial for 
the inelastic buckling with the interaction effect of the beam-column. Therefore, to account 
for the inelastic effect on the composite beam-column at post-yield stage, the incremental 
refined plastic hinge stiffness [20][30] is written in Eq. (19),  
 
  


 
 

1
1
f
f
i
f
L
EIS ,            (19) 
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in which the incremental spring stiffness ∆S is such that  > ∆S  0;  is strain-hardening 
parameters; i(f) and f(f) are initial yield and full yield function, respectively, in which f is 
load vector. The full yield profile f(f) is founded by a unique set of linear equations at the 
critical loading states with respect to each axis generated from the cross-section analysis in 
Section 3, whereas the initial yield function i(f) is given as, 
 
cy
y
cx
x
c
i M
M
M
M
P
P f             (20) 
in which Mcx and Mcy are the moment capacity about major and minor axis, respectively, 
which can be either the plastic moment capacity Mp (i.e. Sfy) or the elastic moment 
capacity Me (i.e. Zfy); And Pc is the axial load capacity. The higher-order element with the 
refined plastic hinge stiffness formulation are comprehensively discussed in [31][32]. 
Under a particular circumstance that the axial load is trivial and an element bends about its 
principal axis (i.e. the bending dominant composite beam), the incremental spring stiffness 
in Eq. (19) can be reduced to, 



 
 
e
p
MM
MM
L
EIS             (21) 
which is similar to the spring stiffness used in [30][22]. 
6. Numerical examples 
To verify its modelling capacity and efficiency, a few examples are demonstrated herein; 
for instance, some composite sections are verified for the cross-section analysis; some 
composite beam-columns with different material strengths; a large-scale composite space 
frame. In summary, in order to validate the present higher-order element with the refined 
plastic hinge, the emphasis is put on the material yielding and buckling due to the 
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interaction effect at the pre- and post-yield regime. 
6.1. Present cross-section analysis 
6.1.1. Failure profile of rectangular concrete filled steel section about major axis 
The dimension, section and material properties of concrete filled steel section are given in 
Fig. 5. Its interaction capacity profile is exemplified from the other approaches (i.e. Liu et 
al, [19] and Eurocode 4 [27]), of which the moment capacity about major axis is present. 
Figure 5 also indicates that the interaction capacity profile from the present method is 
conservative when compared to the others [19][27]. In this example, the present method 
can adequately evaluate the ultimate section capacities about a particular principal axis due 
to interaction effect.  
 
 
 
 
 
 
Fig. 5: Failure surfaces of concrete filled steel section about major axis 
6.1.2. Failure profile of square concrete encased steel section about major and minor axis 
The steel section UC 356×406×340 is encased within the square concrete column as shown 
in Fig. 6. The dimension, section and material properties are given in Fig. 6, of which Liu 
et al, [19] first studied. The interaction capacity profile about the major and minor axis 
300
500 20
Steel: Es = 2×108kN/m2; fy = 3.45×105kN/m2; su = 0.02 
Concrete: Ec = 3.4×107k/m2; fc = 2.33×104kN/m2; cu = 0.003 
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from the Liu et al, [19], Eurocode 4 [27] and the present method are also plotted in Fig. 6. 
The present method can evaluate the failure surface about major axis very well when 
compared with the others. The interaction capacity profile about minor axis from [19] is 
conservative and not consistent with the present method and Eurocode 4 [27] in general. In 
short, the evaluation of the ultimate section capacity from the present method is adequate 
for both axes simultaneously, which implies the proposed principle of the present cross-
section analysis as stated in Fig. 1(a) can be applied for the arbitrary composite section.  
 
 
 
 
 
 
 
 
 
Fig. 6: Failure surfaces of concrete encased steel section about minor and major axis 
6.1.3. Failure profile of concrete encased steel section with high- and low-steel ratio 
This example studies the interaction capacity profile of the concrete encased steel section 
columns with the high steel ratio C16-2 and low steel ratio C4-2 subjected to the 
interaction between axial compression and biaxial bending, which originated from El-
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Tawil et al, [33]. Hence this example extends the verification of the proposed cross-section 
analysis for the interaction capacity profile from uniaxial bending to biaxial bending 
domain, of which two loading cases are present, including the uniaxial bending about 
major axis and biaxial bending actions. The dimension, sections and material properties of 
these columns are given in Fig. 7. The interaction capacity profile from the present method 
is compared with those from different design codes, including AISC [11], ACI [34] and 
Eurocode 2 [29]. This example can also evaluate the interaction capacity profile with 
different steel and concrete proportion in the composite section. 
 
 
 
 
 
 
Fig. 7: Layout of the concrete encased steel section with high- and low-steel ratio  
In regard to the uniaxial bending case, Figures 8 and 9 respectively show that the present 
cross-section analysis can well evaluate the interaction capacity profile of concrete encased 
steel section with high and low steel ratio, when compared with those from other design 
codes [11][29][34]. And the present cross-section analysis is economical when compared 
to those from [19]. It is interesting to remark that the enhancement in moment capacity is 
apparent in the concrete encased steel section with low steel ratio (i.e. C16-2) as illustrated 
in Fig. 4, because the greater concrete component in the composite section can 
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significantly contribute to the increase in moment capacity by increasing the concrete 
compressive zone in the low-steel-ratio composite section. 
 
 
 
 
 
 
Fig. 8: C16-2 (high-steel ratio) concrete encased steel section under uniaxial bending 
 
 
 
 
 
 
 
Fig. 9: C4-2 (low-steel ratio) concrete encased steel section under uniaxial bending 
In regard to the biaxial bending case, Figures 10 and 11 plot the interaction capacity profile 
of the concrete encased steel section with high and low steel ratio, respectively. The 
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present method can adequately predict the interaction capacity profile of the section with 
high steel ratio (i.e. C16-2) but conservative, whereas the interaction profile of the section 
with low steel ratio (i.e. C4-2) is economical. They are reasonable for the design purpose. 
It can be concluded that the present method can adequately measure the interaction profile 
under biaxial bending case. The three-dimensional interaction profile of both C16-2 and 
C4-2 concrete encased steel section is respectively illustrated in Fig. 4(a) & (b). 
 
 
 
 
 
 
Fig. 10: C16-2 (high-steel ratio) concrete encased steel section under biaxial bending 
 
 
 
 
 
 
Fig. 11: C4-2 (low-steel ratio) concrete encased steel section under biaxial bending 
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In summary, the present method of the cross-section analysis is accurate and adequate to 
replicate the interaction capacity profile in the three-dimensional domain of the non-
uniform and arbitrary composite section under general loading cases. 
6.2. Present higher-order element with the refined plastic hinge  
6.2.1 A concrete-filled circular hollow steel column subjected to the P- degradation effect 
A set of concrete-filled tubular steel columns under eccentric loading was tested by Neogi 
et al, [35]. One of these specimens is taken for the present verification study. Its geometry 
and properties are given in Fig. 12, which is simply supported at both ends under the 
eccentric axial load P. The initial imperfection of this selected specimen was not given [35] 
and it is assumed perfectly straight in the present method. Two higher-order elements are 
used for the modelling of the material effect at mid-height of the composite beam-column. 
 
 
 
 
 
 
Fig. 12: Mid-height deflection of the circular concrete-filled steel column 
The mid-height deflection v against the axial load P of a simply circular composite beam-
column from the present method as well as the experimental result [35] is plotted in Fig. 12. 
However, the ultimate load of the composite beam-column from their experiment was 
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653kN, whereas the present method can evaluate the maximum load of the column at 
636kN, which is slightly lower. The present method indicates the subtle convergence at the 
maximum load. From Fig. 12, this column encounters the strength and stiffness 
degradation behaviour due to P- effect literally when under the interaction between the 
axial compression and its eccentric moment. Figure 13 illustrates the loading distribution at 
the mid-height of the column until a refined plastic hinge being formed at mid-height 
eventuates in the failure mechanism, in which the axial load P decreases with the increase 
in bending moment M owing to the P- degradation effect. In summary, the present method 
can evaluate the behaviour of the beam-column well in the all range from the experiment 
[35], and enable to capture the softening behaviour. 
 
 
 
 
 
 
 
Fig. 13: Loading distributions at mid-height of the column with P- degradation effect 
6.2.2 A set of eccentrically loaded concrete encased steel composite columns with various 
yield strengths 
Ellobody et al, [36] conducted a set of numerical study of the concrete encased steel 
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composite columns with various yield strengths of concrete and steel section under axial 
compression with different eccentric moments. The present study focuses on this 
composite column with various yield strengths. To this end, the specimens of S19, S21, 
S25 & S27 from [36] with the same eccentricity of 0.375D are therefore selected in this 
study, whose yield stresses, geometry, dimensions, properties and loading applications are 
illustrated in Fig. 14.  
 
 
 
 
 
 
 
 
 
Fig. 14: Dimension and properties of the concrete encased steel composite column 
The present method adopts the principle in line with the concrete design codes [28][29] 
that the ideal compressive strength fc can be only developed over an effective portion (i.e. 
=0.8) from the plastic neutral axis yp as illustrated in Fig. 2. Since the confinement effect 
is merely significant in the tri-axial loading state and also not well-justified by the 
transverse reinforcement in their numerical modelling [36], the confinement effect is 
e = 86.25mmP
3m
23
0m
m
230mm
v
u
HEA140
30mm
30mmLongitudinal bar 12mm
Steel: Es = 2.00×108kN/m2; fy = listed below; su = 0.01 
Concrete: Ec = 3.2×107k/m2; fc = listed below; cu = 0.003 
Reinforcement: Es = 2.00×108kN/m2; fry = 3.76×105kN/m2; su = 0.01 
S19: fc = 3.0104kN/m2; fy = 2.75105kN/m2 
S21: fc = 1.1105kN/m2; fy = 2.75105kN/m2 
S25: fc = 3.0104kN/m2; fy = 6.90105kN/m2 
S27: fc = 1.1105kN/m2; fy = 6.90105kN/m2
27 
 
ignored in this example for simplicity. In addition, the initial imperfection is not sensitive 
to the ultimate capacity of the composite column, so it is neglected in the present approach 
for brevity in comparison study. Moreover, the ultimate steel strain in [36] was not given, 
so this study assumes su=0.01 for all cases. It is reminded that, in their study [36], the 
failure mode of these columns was defined, by which the maximum compressive and 
tensile stress were once observed at the inner and outer surface at the mid-height of the 
columns as termed the flexural buckling failure mode according to their numerical 
modelling.  
 
 
 
 
 
 
 
 
Fig. 15: Mid-height deflection of the concrete encased steel composite columns 
Figure 15 plots the mid-height deflections v against axial compression P of the composite 
columns (S19; S21; S25; S27). The present method can evaluate the behaviour of the 
composite columns in the whole range until a plastic hinge is formed at their mid-heights 
due to inelastic buckling. The behaviour of four columns is similar that the second-order P-
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 effect on the columns emerges at above 1000kN compression load as indicated by a 
black dash line from the first-order analysis. And this second-order effect becomes 
apparent before their corresponding maximum compression loads except the column S25. 
The column S25 shows the P- effect slightly before its failure mechanism, because the 
high steel yield stress fy=690MPa dictates the section capacity when compared to its 
concrete yield stress fc=30MPa, and thereby this contributes to the quite linear load-
deflection behaviour when compared to first-order line. It heralds the interaction section 
capacity alone governs the maximum strength of the column S25 instead of the second-
order P- effect. It demonstrates that the higher yield stress of a material does not 
absolutely contribute to higher maximum capacity of an entire composite section when 
compared to S21. On contrary, the proportion of strength between two materials is also an 
important factor to enhance the capacity of a composite section. 
 
 
 
 
 
 
 
Fig. 16: Interaction capacity profile of the column S19 (fc=30MPa & fy=275MPa) 
Apart from S25, the composite columns undergo the degradation effect after their 
maximum axial compression. In Fig. 15, the composite columns with the lower yield 
29 
 
stresses in general provide the higher ductility in terms of the mid-height lateral deflections 
(i.e. S19>S21>S27). The axial compressions of the columns at failure from the present 
method are higher than those from [27][36] as given in table of Fig. 15. It is interestingly 
because the failure domain of the present approach is resorted to the interaction capacity 
profile in terms of the engineering plasticity, whose approach is consistent with the design 
codes, whereas the [36] is solely reliant on the maximum compressive and tensile stress 
distribution of the composite column. Hence the failure loads from their study [36] are 
only a reference for the comparison. 
 
 
 
 
 
Fig. 17: Interaction capacity profile of the column S21 (fc=110MPa & fy=275MPa) 
The loading states of both axial compression and bending at mid-span section of S19 and 
S21 from the present method and Eurocode 4 in terms are shown in Fig. 16 and 17, 
respectively, at which the interaction capacity profiles with all critical points are also 
illustrated. According to Eurocode 4, the sections of both concrete and steel are assumed to 
be fully yielded regardless of the effective compressive portion and the elastic strain 
distribution across the section. These overestimate may offset by the material factor of 0.85 
in Eurocode 4 to the certain extent. On the one hand, the present method assumes the steel 
strength complies with the elastic material law according to the linear strain distribution 
before material yielding, compressive concrete strength is merely considered within the 
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effective portion, and no material factor should be applied. In contrast, the evaluation of 
concrete strength from the present method is similar to the Eurocode 4 without complying 
with the elastic material law as illustrated in Fig. 2. And the effective compressive portion 
is taken as 0.8 in this study, which is similar to the material factor of 0.85 in Eurocode 4 in 
order to compensate its overestimate. Therefore, the profile of S19 from the present 
method is a bit lower. In regard to the profile of S21 in Fig. 17, the present interaction 
profile is very consistent to those of Eurocode 4, of the concrete strength which is similar 
to both approaches because the concrete component (i.e. fc=110MPa) dominates the section 
capacity profile of S21. As a result, the underestimate of the steel section capacity by 
Eurocode 4 becomes insignificant and hence both approaches are very consistent. 
 
 
 
 
 
 
Fig 18: Interaction capacity profile of the column S25 (fc=30MPa & fy=690MPa) 
For the cases of the high-strength steel (i.e. fy=690MPa), the profiles of S25 and S27 at 
mid-span section from the present method are plotted in Figs. 18 and 19, respectively. The 
approaches of [27][36] are not consistent relatively when compared with the profiles of 
S19 and S21 from the present method. While the high-strength steel is used, the Eurocode 
4 overestimates the interaction capacity of the composite section in the greater extent, as 
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the steel section is most likely under elastic range. Therefore, the ultimate loading point 
(i.e.  ) of high-strength steel section from the Eurocode 4 always lies outside the 
interaction profiles compared to the present method as demonstrated in Figs. 18 and 19, but 
the ultimate loading points of S19 and S21 are consistent with the present method as 
shown in Figs. 16 and 17. In regard to the profile of S25 in Fig. 18, there is no moment 
capacity enhancement from the pure bending state to the loading state at the balanced point. 
Moreover, the shape of composite interaction profile is similar to those of steel section 
alone from ASIC – LFRD [11]. Hence the concrete component of S25 is overweighed by 
its steel component to the certain extent in terms of the strength contribution, which is 
attributed to the lower overall section capacity; especially the steel section is not massive.  
 
 
 
 
 
 
 
Fig. 19: Interaction capacity profile of the column S27 (fc=110MPa & fy=690MPa) 
In summary, the high-strength steel and concrete, such as fc=110MPa and fy=690MPa, are 
not literally applicable in [27][28][29]. Because of this, the aim of this example is to 
examine the capacity of the present method for the design and evaluation of the high-
strength materials. In fact, the key concern of the design of the high-strength materials is 
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put on the relatively low ductility, for which the reliability of the design method is 
primitively important. Hence, it is suggested that the high-strength composite members can 
be designed at the load capacity level with less than 5% allowable reserve from failure 
mechanism, since the present approach can replicate the all range behaviour accurately and 
reliably. In general, while the ultimate load predicted by the present method is greater than 
others, it means the present method can render the economical design of the composite 
structure.  
6.2.3 20-storeys steel and composite space frame under lateral and vertical loads 
A 20-storeys space frame is studied for the reliability and efficient of the present method, 
which was also analysed by others [12][17]. This study contains both modelling of a bare 
steel frame and a frame with both composite beams and columns. Figure 20 (a) shows the 
layout, floor plan and elevation of the frame. For the modelling of the composite frame, 
127mm thick concrete floor slab are included, so the effective width of the composite beam 
are 1/4 and 1/8 span length respectively for interior and exterior beams, whereas the 
dimension of the composite columns that have not been shown in [17] is assumed to be 
concrete encasing the corresponding section of the steel column as illustrated in Fig. 20(b). 
Figure 20(c) indicates the material properties of the modellings in this study. It is 
noteworthy that the elasticity of concrete Ec and ultimate steel strain su have not been 
given in the previous studies [12][17], of which Ec = 2.8107kN/m2 according to AS3600 
[28] and su = 0.01 are assumed. Both steel and composite frames carry the vertical gravity 
load 0.96kN/m2 and lateral wind load 4.8kN/m2 in the x-direction simultaneously. Hence 
the interior and exterior beams are imposed by the uniformly distributed loads of 
17.556kN/m and 8.78kN/m, respectively. And the lateral loads are input as the nodal forces 
being converted by the projected areas. 
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Fig. 20: Twenty storeys of space frame; (a) layout of bare steel frame; (b) the composite 
sections of composite frame; (c) material properties of steel and concrete 
It remarks that the present higher-order element with the refined plastic hinge attached at 
its both ends is adopted, of which the gradual yielding and strain-hardening effect is 
allowed for. And the composite beams with full shear connection are defaulted to the 
analysis of the composite frame, which was also adopted by [12][17]. In first study of the 
bare steel frame, each beam and column are modelled by one element. In second study of 
the space frame with composite beams and columns, the composite beams are split into 
 Elasticity Yield strength Ultimate strain 
Steel: Es = 2×108kN/m2 fy = 3.448105kN/m2 su = 0.01 
Concrete: Ec = 2.8×107k/m2 fc = 2.76104kN/m2 cu = 0.0035 
 
(a) 
(b) 
(c) 
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two elements according to sagging and hogging moment regions, as Iu [13] reported that 
the flexural behaviour of a composite beam under both moment regions are extreme that is 
hard to simulate accurately by the same governing equation of a flexural beam. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 21: Locations of the plastic hinge of the steel (SF) and composite frame (CF) 
The first study is the bare steel frame as given in Fig. 20(a). According to Liew et al. [12], 
the first plastic hinge on the bare steel frame was formed at 3rd floor of the first frame at 
the load ratio of  = 0.784. The first fully-yielded plastic hinge (SF) from the present 
method is formed at 4th floor of the first frame at  = 0.865 as indicated in Fig. 21. First, 
this space frame is asymmetric in plan, which generates the torsional effect by the lateral 
wind loads, when the centre of lateral load does not align with those of the lateral stiffness 
of the frame. Second, the first frame is weaker than the fourth frame whose locations are 
illustrated in Fig. 21. Third, in regard to the high-rise structure, the inter-storey lateral 
1st PH SF at 
= 0.865 
Node A Node B 
1st PH CF at 
= 0.93 
first frame  
fourth frame 
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deflections are normally larger in the lower floors than those in the upper floors. Therefore, 
the larger loading distribution at the first frame at the lower floor is resulted in so as to 
initialise the plastic hinges there. The failure load level of the bare steel frame is at  = 
1.031 from both approaches [12][17], and the failure load level from the present method is 
at  = 1.034. All plastic hinges are formed on the steel beams only; mostly at the weaker 
first frames at the lower floors. Moreover, the torsional effect of the space bare steel frame 
can be seen in Fig. 22, in which the lateral x-displacements at nodes A and B against load 
factor  is plotted whose locations are indicated in Fig. 21. They are in the good agreement 
with those of the bare steel frame from [17]. From Fig. 22, the lateral x-displacement at 
node A increases noticeably at about  = 0.9, because of more plastic hinges at the weaker 
frames. On contrary, the load-deflection of node B is stiff. Further, the torsional 
displacement (i.e. the difference between the lateral x-displacements at nodes A and B) is 
apparently larger with the increase in load level ; especially the lateral x-displacement of 
node B changes in decrease; meanwhile the lateral x-displacement increases pronouncedly. 
 
 
 
 
 
 
 
Fig. 22: Lateral displacements in x-direction at nodes A and B against the load level 
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The second study is the composite space frame, whose sections are shown in Fig. 20(b). 
The lateral x-displacement at nodes A and B against load factor  from the present study 
are plotted by the solid black line in Fig. 22. Similar torsional effect from the bare steel 
frame can be captured on the composite frame, as the difference in the lateral x-
displacement at nodes A and B increases in the similar manner as given in Fig. 22. The 
lateral x-displacement at node A is very consistent with those from [17]. However, the 
slight discrepancy of lateral x-displacement at node B between the present method and [17] 
is found. The stiffening characteristic of x-displacement at node B can be observed, which 
aligns with the behaviour of the frame with steel columns and composite beams from [12] 
as indicated by dot-dash line in Fig. 22. The first fully-yielded plastic hinge (CF) is formed 
at  = 0.93 as shown in Fig. 21. The plastic hinges are formed on the composite beams, 
including sagging and hogging sections, and columns below 10th floor, at which the failure 
load level of the composite frame is at  = 1.39, whereas those from [17] is  = 1.4. It 
means the composite section can strengthen the capacity of the 20-story space frame by 
around 40%. 
7. Conclusions and discussions  
• Reduction in tolerance thanks to the reliability of the computational approach 
According to the current traditional design approach [27][28][29], the maximum 
capacity of a member or a whole structure depends on the level of uncertainty in terms 
of the safety factor instead of its maximum failure load. As far as the uncertainty in 
some aspects, including local effects of residual stress and initial imperfection, for the 
few names only, are clarified and captured by the advanced computational technique 
accurately and reliably, the design of the maximum capacity of the structure with little 
tolerance can be achieved. It heralds that the safety factor can be reduced when based on 
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the advanced computational technique in future. However, it is still recommended that 
the certain level of safety margin can be preserved for the occasional circumstances or 
human errors. 
• Advantages and potential of the present cross-section analysis  
This study reveals that the design code [27] over-estimate the capacity of high-strength 
materials especially, while [27] relies on the material factor of 0.85 in line with 
assuming both steel (disregarding elasticity when elastic) and concrete (disregarding 
effective compression portion) materials fully yielded. On contrary, the present cross-
section analysis is formulated that the concrete compressive strength is based on the 
effective portion as well as the steel strength relies on the linear strain compatibility 
condition when elastic, whose principle is summarised in Fig. 1. Therefore, the present 
cross-section analysis can be applied for both normal and high-strength steel-concrete 
composite material. Because of its flexibility, the great potential of this cross-section 
analysis is to extend the capacity design method of the high-performance or the fibre-
reinforced concrete section which exhibits a certain amount of tensile capacity in the 
similar manner as well. 
• Precise computational method required for design of high-strength composite structure 
The conventional design approach for the normal concrete and steel material, such as 
[27][28][29], allows the member section capacity reaching the stage of fully yielded 
stage or at the interaction capacity profile, when the ductility of the materials or section 
accommodates its premature failure before structural mechanism. Unfortunately, 
regarding to the high-strength member, there is no margin of error at its maximum 
capacity with minimum allowable deformations when the ductility is very low, which 
violates the assumptions used in the conventional design method. Based on the 
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advanced computational technique, it is suggested that less than 5% of the allowable 
strength reserve is only required; especially true when the present method can capture 
the behaviour, including the loading capacity as well as allowable deformations, of an 
entire composite structure accurately and reliably. Therefore, the design approach of the 
present computational technique for a structure of high-strength materials becomes 
indispensable and thus imminent in the structural engineering discipline. 
In conclusion, the present method can adequately and accurately replicate the pre- and 
post-yield behaviour of a whole steel-concrete composite structure, which include the 
partial shear connection in the flexural stiffness at pre-yield stage, the material nonlinear 
effects at post-yield stage when subjected to the interaction effects, load redistribution at 
highly redundant structure, P- and P- effects and its associated degradation behaviour, 
with the least number of elements with recourse to the higher-order element formulation 
with the refined plastic hinge approach. Hence, the present method can secure the 
structural safety and adequacy of a composite structure in the accurate, efficient and 
reliable manner. 
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